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Seattle, Washington; and §California Nanosystem Institute, University of California, Los Angeles, CaliforniaABSTRACT Sensitivity of mechanical detection by the inner ear is dependent upon a highly nonlinear response to the applied
stimulus. Here we show that a system of differential equations that support a subcritical Hopf bifurcation, with a feedback
mechanism that tunes an internal control parameter, captures a wide range of experimental results. The proposed model repro-
duces the regime in which spontaneous hair bundle oscillations are bistable, with sporadic transitions between the oscillatory
and the quiescent state. Furthermore, it is shown, both experimentally and theoretically, that the application of a high-amplitude
stimulus to the bistable system can temporarily render it quiescent before recovery of the limit cycle oscillations. Finally, we
demonstrate that the application of low-amplitude stimuli can entrain bundle motility either by mode-locking to the spontaneous
oscillation or by mode-locking the transition between the quiescent and oscillatory states.INTRODUCTIONHair cells are the mechanical sensors of the auditory and
vestibular systems in the inner ear (1). They transduce
ground- and air-borne vibrations into electrical signals that
are subsequently relayed to the auditory nerve and brain.
Ultimately, the transduction involves force-sensitive ion
channels that are located in a specialized organelle, the
hair bundle, on top of each hair cell. The hair bundle con-
sists of multiple stereocilia that are arranged in a semicrys-
talline array (Fig. 1 a). Along the axis of mechanical
sensitivity, the tips of adjacent stereocilia are connected
by a protein complex called the tip link (2). An incoming
(mechanical) stimulus induces shearing of the stereocilia
within the bundle, resulting in an increase in the tension
of the tip links. The tip links are connected to the force-sen-
sitive ion channels, and the shearing of the bundle thus
directly modulates the open probability of these channels.
Opening of the mechanically sensitive channels both re-
duces the tip-link’s tension and leads to a flow of cations,
mainly potassium with some calcium, into the cell. This
transduction current changes the cell’s electrical potential,
resulting in action potentials in the auditory nerve via synap-
tic transmission (1). Inside the hair bundle, the ion-channel
complex is connected to actin filaments that form the core of
each stereocilium via myosin 1c motors. These motors slip
and climb along the core, thus also modulating the open
probability of the channels. Under sustained deflection of
the bundle, the transduction current gradually decreases/
adapts due to the action of the myosin-motor complex.
The two processes that affect the open probability of
the mechanically sensitive ion channels (transduction itself
and myosin-based adaptation) are interdependent, and theirSubmitted August 7, 2012, and accepted for publication February 22, 2013.
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0006-3495/13/04/1661/9 $2.00interaction can result in sustained active motility of the
hair bundle. Such spontaneous hair bundle oscillations
have been shown in several species in vitro (3–7). Their
amplitudes can be up to 100 nm—more than an order of
magnitude larger than the displacements associated with
detection thresholds—and frequently display bursts of
oscillations interspersed with quiescent, nonoscillating
intervals. The resulting active mechanism may be necessary
to achieve the remarkable sensitivity (a few A˚ngstro¨ms) of
the hair cells operating in a fluid, dissipative environment.
Whether spontaneous dynamic activity is present in vivo
is not known. However, vertebrate ears (8) often produce
weak sounds in the absence of any stimulus (known as
spontaneous otoacoustic emissions), suggesting that some
form of mechanical instability can arise under natural
conditions.
A number of theoretical models of hair bundles (9–15)
have described their dynamics through systems of dif-
ferential equations, which capture the occurrence of
limit cycle oscillations and frequency-selective amplifica-
tion. The calculated bundle response under various stimuli
and loading was shown to exhibit a complex phase
diagram, with a number of bifurcations observed in dif-
ferent regions of the phase space (9–11), including the
subcritical and supercritical Hopf bifurcations. The super-
critical case has been extensively investigated (11–15) and
shown to reproduce many experimental results including
frequency selectivity and compressive nonlinearity (6).
A control parameter, frequently identified with the internal
calcium concentration (10,12), determines whether the
system is quiescent, or performs a stable limit-cycle oscilla-
tion. Through a delicate feedback process (12), the control
parameter was proposed to self-tune to the proximity of
the critical point so as to maintain optimal detection
sensitivity.http://dx.doi.org/10.1016/j.bpj.2013.02.050
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FIGURE 1 Hair-bundles dynamics. (a) An electron-microscope image and (b) a top-down light-microscope image of a stereociliary hair bundle. In
panel b, we show the glass probe used to manipulate the hair bundle to which it is attached. (Inset) Position of the hair bundle is determined by fitting a
Gaussian curve (red line) to a cross-section of the image. (c) Example of a typical record of active motility observed in a spontaneously oscillating hair
cell bundle in the bullfrog sacculus. Time-dependent traces of bundle movement were extracted from the CMOS recordings as described in Experimental
Methods. A significant fraction of active bundles display bursting-type behavior, with switching between the quiescent and oscillatory states. (d) The results
of a numerical simulation based on our theoretical model (Eqs. 1 and 2). (Traces) Time-dependent position of the hair bundle x and the control parameter m.
(e) The same trajectory as in panel d, projected to the jzjm plane using the same color scheme. The local peaks in m are indicated by the numbers 1–5.
1662 Shlomovitz et al.Hair cells of the amphibian sacculus have provided a ver-
satile model system for experimental studies in vitro due to
the robustness of the preparation. Unlike cells of the
mammalian cochlea, they exhibit low-frequency broadband
detection while still displaying high sensitivity and com-
pressive nonlinearity (6,7). A considerable fraction of
these cells exhibit complex dynamics, with bursts of sponta-
neous oscillations interspersed with quiescent intervals (16),
which are not captured by proximity to the supercritical
Hopf bifurcation. In this experimental and theoretical study,
we explore this bursting behavior of spontaneously oscil-
lating hair bundles and the dynamics of their mode-locking
to an applied drive. We show that the active motility can be
described by a variant of such theory, where the system is in
the vicinity of a subcritical Hopf bifurcation. Alternation
between quiescence and oscillatory activity is a natural
consequence of the bistability associated with a subcritical
Hopf bifurcation. To capture the bursting behavior observed
in hair bundles, we propose a simple feedback equation for
the control parameter, which continually poises the system
into the vicinity of this bifurcation.
We perform theoretical and experimental studies of hair
cell motility using different mechanical stimuli, combining
steady state and sinusoidal deflections. As predicted by the
subcritical bifurcation diagram, increasing offsets on the
bundle position first remove the bistability of the system,
and then suppress spontaneous activity (17). We find that
high-amplitude stimulation induces a prolonged quiescent
period in the bundles; a simple feedback equation for the
control parameter captures this suppression of oscillation.
The theory further predicts that the bistable dynamic activity
should be very sensitive to low-frequency mechanical
perturbations, where the slow modulation governing the
intervals of oscillations and quiescence can mode-lock to
the drive.Biophysical Journal 104(8) 1661–1669EXPERIMENTAL METHODS
Biological preparation
Inner ears of adult bullfrogs were excised, and the sacculi were mounted in
a two-compartment chamber (3), with the basal and apical surfaces exposed
to artificial perilymph and endolymph, respectively. Solutions were titrated
to match the pH and osmolarity of in vivo conditions and were freshly
oxygenated before use. The otolithic membrane was removed after enzy-
matic digestion, allowing direct access to freely oscillating hair bundles.
Robust oscillations typically persisted for 1–3 h postdissection. All
protocols for animal care and euthanasia were approved by the UCLA
Chancellor’s Animal Research Committee in accordance with federal and
state regulations.Tracking bundle motion
Epithelia were imaged with an upright microscope (model No. B51X;
Olympus, Melville, NY) with a 20 water-immersion objective (model
No. XLUMPLFL20XW, 0.95 N.A.; Olympus) and illuminated with an
X-Cite 120 W metal halogenide lamp (EXFO Photonics, Quebec City,
Quebec, Canada). Images were further magnified to 500 and projected
onto a CMOS camera (Photron SA 1.1; Photron, San Diego, CA). The
recordings were performed inside a sound-isolation booth (Industrial
Acoustics, Bronx, NY) with the setup mounted on a vibration-isolation
table (Technical Manufacturing Corporation, Durham, CT). Motion traces
were extracted from the digital recordings by fitting a Gaussian distribution
to the intensity profile of a selected hair bundle and plotting the center
position for each frame (shown in the inset to Fig. 1 b). As it was previously
shown that stereocilia within a bundle move in unison (18), we tracked and
averaged 11 vertically adjacent rows. The root-mean-square noise level for
these recordings was ~3–5 nm, where the variation is dependent on the den-
sity of surrounding tissue. In the Supporting Material, we describe the
computational method we use to analyze these tracks.Mechanical stimulation
Glass capillaries were pulled with a micropipette puller (model No. P-97;
Sutter Instrument, Novato, CA), with additional rods fabricated at right
angles with a modified microforge. Probes were coated with gold-palladium
to enhance optical contrast. The stiffness and drag coefficients were
Low Frequency Entrainment of Oscillatory Bursts in Hair Cells 1663measured by recording the spectrum of their thermal fluctuation in water.
Probes were mounted on a piezoelectric actuator (Piezosystem Jena,
Jena, Germany), which was brought into the vicinity of a selected bundle
with a micromanipulator. To deliver low-amplitude sinusoidal and steady-
state deflections directly to the bundle, probes were coated with a charged
polymer, to improve adhesion, and brought into contact with the tallest row
of stereocilia or the kinocilium. These stimuli were presented at increasing
frequencies and/or amplitudes. For the high-amplitude perturbations, glass
fibers of higher stiffness were used. These were not coated with the poly-
mer, and did not adhere to the bundle. Stimulus fibers were positioned
immediately adjacent to the bundle and driven by 30–100 Hz sinusoidal
signal with 0.2–50 s duration at ~1mm amplitude. Under this configuration,
the resulting signal delivered to the bundle is a half-wave rectified sinusoid.THEORETICAL MODEL
We propose a model to account for the complex multimode
oscillations (16). Experimental results show that periods of
oscillatory activity (bursts), with frequencies typically in the
range of 10–50 Hz, alternate with intervals of quiescence
(Fig. 1 c). The duration of the oscillatory periods vary, lead-
ing to a different number of cycles per burst (see Fig. S3 in
the Supporting Material). This switching between quies-
cence and oscillation suggests the existence of a bistable
two-state regime. Previous theoretical models, based on
detailed mechanical descriptions of the transduction and
adaptation processes, have predicted the existence of dif-
ferent bifurcations in different ranges of parameter values
(9–15). One of the bifurcations that leads to a bistable
regime is the subcritical Hopf bifurcation (see Supporting
Material in Maoileidigh et al. (9) and Nadrowski et al.
(10)). This transition can be described using the normal
form equation of the Hopf bifurcation (19),
dz
dt
¼ zm iu0 þ Ajzj2  Bjzj4þ fD þ fA cosuf t; (1)
where z(t) is an effective variable that describes the state of
the bundle, including elements such as myosin motors activ-
ity, cation concentration, etc. We identify the real part (x) of
this complex variable with the hair bundle displacement,
whereas the imaginary part is denoted by y. The control
parameter m is associated with the probability of the system
to be in the quiescent or the bursting state, as described
below, and u0 is the natural frequency of the oscillation.
We add to the normal form equation a constant offset fD
and an oscillatory forcing fA at frequency uf.
When the parameters A and B are positive, the system
supports a subcritical Hopf bifurcation. In the case of nega-
tive A, the normal form equation exhibits the well-studied
supercritical Hopf bifurcation at m ¼ 0. In the Supporting
Material, we provide a bifurcation analysis of this equation
for the case of a specific fixed parameter m.
To describe the experimentally observed bursting oscilla-
tion (Fig. 1 c), we focus on the bistable regime where A is
positive. If the control parameter m lies in the interval
between A2/4B and 0, then the quiescent and oscillatory
states coexist. Switching between the two states is governedby the dynamics of the control parameter. We note that the
exact dependence of this control parameter on specific
cellular elements is model-dependent (10,12,16,20). As
this element has not been conclusively identified experimen-
tally, we include a simple form of feedback into our
dynamic system. We assume that the control parameter
decreases during the bursting periods and increases during
the quiescent state,
dm
dt
¼ kon  koffQðx  x0Þ; (2)
where kon and koff are rate constants and Q(x) is the Heavi-
side step function. For deflections x less than a critical
displacement x0, the control parameter increases in time at
a rate kon, whereas for deflections x larger than x0, the con-
trol parameter decreases at a rate konkoff. This step func-
tion approximates the Boltzmann distribution describing
the opening probability of the ion channels (21). The com-
bined equations of motion were numerically integrated
using the software MATHEMATICA (Wolfram, Cham-
paign, IL). We use the amplitude of oscillations
ﬃﬃﬃﬃﬃﬃﬃﬃ
A=B
p
and their timescale 1/u0 to render the parameters dimen-
sionless. Results are shown for the following dimensionless
parameter values (except where stated otherwise):
A ¼ B ¼ 10; u0 ¼ 1; x0 ¼ 0:4;
kon ¼ 5
12
; and koff ¼ 7pð12arc cosð0:4ÞÞ:
In Fig. 1 d, we show the active motility x(t) described by
these equations. We note that the theoretical model does not
capture the relaxation-oscillation shape of the spontaneous
motility, but rather yields a more sinusoidal movement.
The waveform’s shape is reproduced more exactly by full
models of hair bundle activity (6,7,10,22), which include a
term for the myosin-based adaptation process. This adapta-
tion could also account for the slow drift in the negative
direction during the quiescent interval (16). For simplicity,
the adaptation process was not included in our model.
The mechanism that produces the switching between the
oscillatory and quiescent state is captured in Fig. 1 d. For
the aforementioned parameters, the value of the control
parameter decreases when x > x0, and increases when x <
x0. Also, the rate of decrease is larger than its increase.
During the quiescent state, the control parameter grows
linearly with time. When its value exceeds zero, the quies-
cent state becomes unstable, and finite amplitude oscillations
are initiated. During each oscillation, the control parameter
describes a saw-tooth pattern: it decreases or increases
dependent upon whether x exceeds x0. Due to the difference
in decrease and increase rate, the value of mwill be decreased
after each limit cycle. After some time, m reaches the lower
stability limit A2/4B, at which point the oscillations cease
and another quiescent state occurs. The control parameter
starts to grow linearly again, and the pattern repeats.Biophysical Journal 104(8) 1661–1669
1664 Shlomovitz et al.Noise sources are not included in the equations. However,
for a range of parameter values the deterministic model ex-
hibits a variation in the number of cycles per burst. Fig. 2
shows the Poincare´ map of a section in the mjzj plane as
a function of the bursting period
To ¼ 2m 
kon  koff
p
arc cos
 ﬃﬃﬃ
B
A
r
x0
!!:
For the specific parameters used in the simulation, the
number of cycles per burst sequentially alternates between
five and six (Fig. 1 d). In Fig. 1 e, we plot a trajectory of
the system projected onto the mjzj plane. We consider
only the magnitude, because the argument of z,f, has a sim-
ple time dependence in the nondriven case (fD ¼ fA ¼ 0),
f ¼ u0t. In Fig. 2 b, we show a similar trajectory where
the system exhibits a large number of oscillatory and quies-
cent intervals without repetition, indicating that the full
period is much longer than one interval of oscillations and
quiescence. Fig. 2 shows a cascade of bifurcations that
changes the number of cycles per burst in one period
of the system. A zoom into this cascade of bifurcations
(Fig. 2 c) suggest it to be a period-doubling bifurcation.
Calculating the largest Lyapunov exponents for various
parameters, we find them to be in the range of 0–0.05, indi-
cating that the system can be weakly chaotic. For example,
for To ¼ 29 and To ¼ 29.65, the Lyapunov exponents are
calculated to be 0 and 9  103 5 106, respectively.
The variation in the number of cycles per burst observed
in the experiments is much larger than that produced by the
deterministic model. In section SB of the Supporting Mate-
rial, we assess the role of stochastic noise in the variation
observed in the oscillatory bursts. Long recordings were ob-
tained from spontaneously oscillating bundles to extract the
statistical distribution of the number of cycles per burst and
the length of the quiescent interval. Including a stochastic
noise term in the numerical simulation reproduced the
experimentally observed variability (see Fig. S3).28 29 30 31 32 To
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Hair bundle dynamics under DC forcing
In the following sections, we test our model experimentally
by exposing hair bundles to different external stimuli and
comparing the computed and measured behavior. We start
with the response of a hair bundle to a steady deflection. In
a recent study, it was observed that the overlying otolithic
membrane imposes an offset that pretenses the stereociliary
bundles (17). To mimic this on an individual hair cell, we
used flexible glass fibers to impose static offsets (direct cur-
rent, DC) on the position of a spontaneously oscillating
bundle (see Experimental Methods for details). The effects
of slow and steady-state offset were observed on ~20 cells
(17,23). In Fig. 3 a, we show representative traces, where
different DC offsets were applied to the bundles, in the direc-
tion corresponding to preferential closure of the transduction
channels (1). The top time trace shows a freely oscillating
hair bundle (no probe attached) in which periods of sponta-
neous oscillations (6–10 Hz) are separated by quiescent
intervals. For the remaining traces, a probe was attached
to this bundle, and DC offsets of systematically increasing
amplitudes were applied from top to bottom. For each
step, the base of the stimulus probe was moved by 125 nm,
which corresponds to an increase of ~25 pN in the load
applied to the tip of the bundle. At low levels of loading,
the time traces display bursts of oscillations, with the number
of oscillations decreasing with increasing load. At higher
levels of loading, the alternation between oscillatory
and quiescent state is replaced by a more regular, though
anharmonic, oscillation. As the load is further increased,
the bundle motion remains regular, but starts to resemble a
spike train. Although the mean spiking frequency decreases
with increasing static offset, their amplitudes remain the
same. Finally, for static loads on the order of ~200 pN,
all oscillations disappear and the bundle is rendered in a
quiescent state.
To compare the experimental results with predictions
of the model, we numerically solved Eqs. 1 and 2, with a2 0.4 0.6 0.8 1.0 z 
p
30 28.932 28.934 To
FIGURE 2 (a) Poincare´ map of the simulated
multimode oscillation. The map is obtained in the
jzj ¼ 0.2, m > 0 section of the mjzj plane (red
vertical line in panel b). The bursting period
To ¼ 2m=ðkon  ðkoff=pÞarc cosð
ﬃﬃﬃﬃﬃﬃﬃﬃ
B=A
p
x0ÞÞ is var-
ied in small steps, while the quiescent period Tq ¼
2m/kon is kept constant at Tq ¼ 12. The Poincare´
map shows a cascade of bifurcations. The initial in-
terval exhibits a fixed number (five) of cycles per
burst. Increasing To leads to variation in the number
of cycles per burst (multiple points along the mp
axis). Upon further increase in To, the system
returns to a fixed number (six) of cycles per burst
with one more cycle per burst. (b) Plot of the trajec-
tory in the zjmj plane, calculated for To ¼ 29.65.
(c) A zoom-in to the region where the cascade
of bifurcations starts to show a period-doubling
bifurcation.
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FIGURE 3 Application of a constant (DC) force in the direction of
preferential closure of the ion channels. (a) (Top trace) Motion of a freely
oscillating stereociliary bundle. (Second to the top trace) Same hair bundle
with a glass probe attached to its tip, without imposing a DC-offset to the
bundle. The increase in the drag force changes the natural frequency of
the spontaneous oscillation, but the bursting persists. (Remaining traces)
Same bundle, while imposing increasingly larger DC-offsets. (Numbers
to the right of each trace gives the approximate average force exerted by
the probe.) (b) Numerical solution of the model (Eqs. 1 and 2), with fD given
by the number to the right and fA ¼ 0. (c) Projection of the numerical
solution for fD ¼ 0.1 onto the x-y plane. (d) Poincare´ map of the section
y ¼ 0, x > 0.3 (shown as a thick line in panel c), indicating the number
cycles per burst as a function of fD. For fD ¼ 0, we observe a series of
double dots, due to the alternation between five and six cycles per burst.
For fD ¼ 0.025 and 0.05, we find five and four cycles per burst, respec-
tively. For 0.075 < fD < 0.1, we find three cycles per burst, and for
fD > 0.35, the bursting behavior disappears.
Low Frequency Entrainment of Oscillatory Bursts in Hair Cells 1665negative offset fD incrementally increasing its magnitude.
As shown in Fig. 3 b, the simulation reproduces the same
scenario that was observed experimentally. As the magni-
tude of the DC force increases, the duration of the oscilla-
tory and quiescent intervals decrease, until the bistability
is suppressed. The system then exhibits regular, thoughanharmonic, oscillations. The transition in the number of
cycles per burst can be seen from the Poincare´ map of a sec-
tion in the x-y plane (see Fig. 3, c and d). From approxi-
mately five cycles per burst for fD ¼ 0, the number of the
cycles reduces to 4, 3, 2, and 1 as jfDj increases. This tran-
sition can be understood from the bifurcation diagram of
Eq. 1, computed for a constant control parameter m (see
the Supporting Material). The phase diagram shows that
the bistable region shrinks and disappears under an applied
load. Note that from the Poincare´ map in the v plane, it is
easy to infer the number of cycles per burst, whereas the
Poincare´ map in the mjzj plane illustrates the variation in
the duration of the bursts. While the system exhibits a
period-doubling bifurcation as a function of To, it shows a
period-adding bifurcation as a function of fD.
In the region of regular oscillations, an increase in jfDj
decreases their frequency, and the oscillations become
increasingly more spike-like. In this regime, bistability has
been removed, and the control parameter m is oscillating
in the vicinity of a saddle node on an invariant cycle
(SNIC) bifurcation of Eq. 1 (see the Supporting Material).
An important feature of the theory is that due to the feed-
back, the bundle displacement self-tunes toward x0 as the
force level increases. We note that our model does not
show full suppression of oscillation at high offset, as seen
in the experimental results. In the Supporting Material we
show that if m is fixed, the model does capture the suppres-
sion, with Eq. 1 exhibiting a SNIC bifurcation. With the
addition of the feedback equation, however, m can grow to
an arbitrary value, thus returning the system to spontaneous
oscillation. Introducing saturation into the equation for m
would recover the SNIC bifurcation.Hair bundle dynamics under strong AC forcing
Next, we exposed hair bundles to large-amplitude oscilla-
tory (alternating current, AC) forces, mimicking motion
that would be evoked by intense sound under in vivo condi-
tions. Glass fibers were used to impose rectified sinusoidal
displacements at saturating amplitudes of ~1 mm, with drive
frequency of 30 Hz. Measurements were performed on six
hair bundles that showed robust spontaneous oscillations
before stimulation.
Fig. 4 a displays the time-dependent position traces of
one bundle after the cessation of applied stimulus. The
bundle first showed an interval of quiescence immediately
after the stimulus, then resumed to oscillation with
increasing amplitude. The duration of this recovery time
showed a positive dependence on the duration of the applied
stimulus (Fig. 4 c). The dependence of the quiescent interval
on stimulus duration indicates the presence of a feedback
mechanism, which suppresses spontaneous oscillation in
response to large deflection of the bundle. During prolonged
quiescent intervals, the bundles showed a gradual movement
in the negative direction (see the Supporting Material). OurBiophysical Journal 104(8) 1661–1669
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FIGURE 4 Bundle recovery to spontaneous oscillation after high-
amplitude stimuli. (a) After termination of a 30-Hz sinusoidal stimulus,
delivered for the duration of 6–30 cycles (indicated by the numbers to
the right of the traces), the hair bundle is in the quiescent state for 22–
93 ms. The recovery time is defined to be that of the first occurrence of
bundle displacement >10 nm within a 8-ms window. (b and c) Numerical
simulation with parameters that yield nonbursting behavior: A ¼ B ¼ 1,
x0 ¼ 0.4, fA ¼ 0.3, fD ¼ 0.1, koff ¼ 15, kon ¼ 6.675, u0 ¼ 1, and uf ¼
3.5. The figure shows the response of the model to 6 (black line) and
12 (red dashed line) cycles of stimulation. The flat region shows suppres-
sion of oscillation resulting from the high-amplitude stimulus. Conversion
into real time is done using u0 ¼ 60p/s. (c) The recovery time as a
function of the stimulus duration, calculated from the data shown in
panel a, with a linear fit (dashed line). (Bars) Recovery time predicted
by the model. The variation in the recovery time is due to the zigzag
behavior of m.
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1666 Shlomovitz et al.model does not capture this movement, for it would require
the inclusion of slow adaptation.
The model shows the same general trends as observed
in the experimental data. That is, spontaneous oscillations
are absent for some time directly after the cessation of
the stimulus. The duration of this quiescent period increases
with the duration of the stimulus, but is independent of
the drive frequency (Fig. 4 b and the Supporting Material).
After the quiescent interval, the system returns to its
initial behavior. In the model, this behavior can be under-
stood as follows: During stimulus presentation, the control
parameter m effectively integrates over the number of
stimulus cycles, drifting downwards witch each oscillation.
Upon cessation of the stimulus, m increases linearly, and
the quiescent state loses stability when its value becomes
positive. Due to the linear growth of the control parameter,
this quiescent time is directly proportional to the duration
of the stimulus (Fig. 4 c). Similar to the experimental
results, oscillations in the model recover to full amplitude.
This indicates proximity to the subcritical as opposed
to the supercritical Hopf bifurcation: the latter would
predict a gradual increase of oscillation amplitude during
recovery.Hair bundle dynamics under combined AC and
DC drive
To explore the effects of offset induced by the overlying
membrane we measured the response of a hair bundle to a
sinusoidal signal superposed on a constant deflection. These
combined stimuli were applied to three cells. The amplitude
of the sinusoidal signal was equivalent to a 4-pN force
exerted on the tip of a perfectly stationary bundle. In
Fig. 5 a, the drive frequency is progressively increased
(horizontal axis) at each of the steady-state deflections.
Two different ranges of mode-locking are observed: first,
1:1 mode-locking, with one oscillation per period of stim-
ulus; and second, a multimode regime where the number
of oscillations per period of stimulus is a constant larger
than 1. In the second case, the envelope of the time-depen-
dent trace for bundle position is mode-locked to the signal,
i.e., the switching between the quiescent and oscillatory
states is locked to the drive. The two classes of mode-
locking exhibit different behavior in response to increasing
offsets.
For AC drives near the characteristic frequency of the
hair bundle (~15 Hz), bistability rapidly disappears with
increasing DC offset, and the bundle oscillation mode-locks
to the drive with a 1:1 frequency ratio. As noted in a previ-
ous study (7), the maximum mode-locked response occurs
close to the natural frequency, with modest frequency selec-
tivity. As the DC offset increases, 1:1 mode-locking system-
atically occurs at lower driving frequencies, giving the
appearance of a ridge in the contour plots of Fig. 5 b (see
also Fig. 5 a).
ab
c
d
FIGURE 5 Phase-locked response of a hair
bundle exposed to different combinations of DC
and AC forces. (a) Raw data of the measured
response of the hair bundle (shown in blue)
exposed to a DC offset with a superposed sinusoi-
dal AC drive (shown in black). The AC signal was
applied at a fixed amplitude of 20-nm probe-base
displacement, equivalent to a 4-pN force exerted
on the tip of a perfectly stationary bundle, and at
increasing frequencies (horizontal axis). (Bottom
trace) Entrainment of bundle motion by the AC
drive without the imposed DC offset. (Traces
above bottom trace) DC offsets were superposed
in increments of ~18.75 pN of average force.
(Traces have been offset along the vertical direc-
tion for clarity.) (b) Synchronization indices (24)
(1:1, 1:2, 1:3, 1:4) calculated from the full data
set, a subset of which is shown in panel a. (c) Theo-
retical prediction of the synchronization indices
based on our model (fA ¼ 0.1). (d) Calculation of
the synchronization index without the feedback
equation, using Eq. 1 with a constant control
parameter, m ¼ 0. (Panels c and d use the same
color code as shown in panel b’s inset.)
Low Frequency Entrainment of Oscillatory Bursts in Hair Cells 1667At low DC offsets, robust higher-order mode-locking is
also observed far below the characteristic frequency. The
drive entrains the bursting dynamics of the hair bundle,
with the oscillatory state typically occurring during the
positive phase of the imposed AC signal (channel opening
direction), whereas the quiescent interval occurs during
the negative phase. With increasing DC offset, higher-order
mode-locking occurs over a decreasing range of AC fre-
quencies and eventually disappears. To quantify mode-
locking, we calculated the synchronization indices (24)
corresponding to 1:1, 1:2, 1:3, and 1:4 mode-locking for a
range of different AC frequencies and DC offsets (Fig. 5 b).
Examining the response of the model for the same super-
posed AC and DC forcing, we observe similar behavior. A
force in the negative direction tends to induce the quiescent
state. In the oscillatory regime, the response of the model
encodes the frequency of the signal in two ways: by 1:1
mode-locking when the applied frequency is close to the
natural frequency, and by higher-order mode-locking at
lower applied frequencies. To quantify this behavior, we
plot the synchronization index (Fig. 5 c) for a small AC
stimulus fA ¼ 0.1. Indeed, we observe that a wide range of
frequencies leads to a high synchronization index. A system
described by a simple subcritical Hopf bifurcation (Eq. 1)
with m¼ 0 (shown in Fig. 5 d) displays a much narrower dis-tribution, with a peak in the synchronization index shifting
to lower frequencies as the offset force increases. This is a
result of the reduction in the natural frequency due to the
proximity to an infinite-period bifurcation (see the Support-
ing Material and Fredrickson-Hemsing et al. (17)), which
could be observed in Fig. 5 d. The multimode phase-locking
leads to a nonnegligible synchronization index over a wide
range of frequencies, indicating that the system is sensitive
to frequencies far below the natural frequency of oscillation.DISCUSSION
Hair cells from in vitro preparations of the bullfrog sacculus
frequently exhibit bursting dynamics, where periods of
spontaneous oscillations are separated by quiescent inter-
vals. In this article, we examine entrainment of these multi-
mode oscillations by an applied stimulus. In contrast to
frequency selective organs, such as the mammalian cochlea,
the sacculus exhibits a comparable response over a broad
band of frequencies. We find that saccular hair cells
phase-lock to signals with frequencies well below their
characteristic frequencies. The sensitivity is achieved by
higher-order mode-locking, attained through the modula-
tion of the bistable switching between the bursting and
quiescent intervals. This multimode-locking could provideBiophysical Journal 104(8) 1661–1669
1668 Shlomovitz et al.a mechanism of detection by hearing and vestibular organs
that specialize in the detection of low-frequency vibrations.
We measured the effects of steady-state offsets on the hair
bundles dynamics and find that such deflection decreases
the number of cycles in a single bursting interval. Increasing
the deflection eventually eliminates the bistable behavior,
and the bundle exhibits single-mode oscillation. With
increasingly larger offsets, the oscillations become more
anharmonic, and eventually are suppressed. This behavior
indicates an infinite-period bifurcation and is consistent
with the previously proposed saddle node on an invariant
circle bifurcation (17).
Superposing an AC signal upon a constant deflection, we
find that at low DC offset hair bundle motion is entrained by
the AC drive through both 1:1 and higher-order mode-
locking. The frequency range for which multimode-locking
occurs contracts as the DC force increases, until only the 1:1
mode-locking survives. DC offset therefore both removes
the bistability observed in spontaneous oscillation and elim-
inates higher-order mode-locking to an AC drive.
To examine whether the correlation between the two phe-
nomena indicates a common underlying mechanism, we
modeled hair bundle dynamics using a simple system that
exhibits bistability between the quiescent and oscillatory
states. The subcritical Hopf bifurcation meets this criterion
and appears in several extensive models of hair bundle
motion (9,10). We note that the dynamics of the sponta-
neous oscillation alone does not require a feedback process.
The alternation between the quiescent and oscillatory state
could be captured by introducing stochastic noise into the
system. However, the suppression of oscillations in response
to high-amplitude deflection (Fig. 4), which can persist for
hundreds of milliseconds after cessation of the stimulus,
and the subsequent recovery, indicate an underlying feed-
back mechanism.
Hence, we introduced into our model a feedback equation
for the control parameter m. The integrated motion of the
hair bundle x is manifested as a change in the control param-
eter (Eq. 2). Calcium is a potential candidate for the control
parameter, as it was shown to affect bundle dynamics in
multiple ways, directly impacting myosin motors and modu-
lating the stiffness of internal elements (16,20,25). We
modeled the feedback mechanism by different rates of
change for m when the ion channels are preferentially
open or closed. We further approximate the opening proba-
bility of the channels using a step function at a critical
deflection x0. As the rate coefficients can depend on m, the
feedback equation is limited to describe the dynamics of m
where it is close to the bifurcation points. The proposed
model is robust to changes in the parameter values: bursting
behavior is maintained as long as A > 0 and To > 0.
Higher-order mode-locking does not require fine-tuning
the control parameter of a system to a preferred point.
Rather, the feedback mechanism maintains the control
parameter within a regime defined by two critical pointsBiophysical Journal 104(8) 1661–1669(see Fig. S1). This feature makes it an attractive model for
a biological system, for it is robust to level of noise and vari-
ation of parameters.
Note that although our deterministic model allows for
some variation in the number of cycles per burst, this varia-
tion is smaller than that observed in experiments. The vari-
ation can be readily enhanced by adding stochastic thermal
noise to the model, as can be seen in the Supporting Mate-
rial. The effect of noise will be elaborated on in a subsequent
study.CONCLUSIONS
The model proposed in this article combines the subcritical
Hopf bifurcation with a feedback equation for the control
parameter. We showed that it reproduces the distinctive fea-
tures of active hair bundle motility exposed to both AC and
DC mechanical stimuli. The model accounts for the entrain-
ment of the bistable switching between the oscillatory and
quiescent states, the disappearance of bursting behavior
under DC deflection, and the subsequent suppression of
spontaneous motility.SUPPORTING MATERIAL
Seven figures, analysis, and references (26-29) are available at http://www.
biophysj.org/biophysj/supplemental/S0006-3495(13)00287-7.
D.B. acknowledges the National Institutes of Health for support under grant
No. 1RO1DC011380.REFERENCES
1. Hudspeth, A. J. 2000. Hearing. In Principles of Neural Science.
J. H. Kandel, E. R. Schwartz, and T. M. Jessell, editors. McGraw
Hill, New York. 590–624.
2. Kachar, B., M. Parakkal, ., P. G. Gillespie. 2000. High-resolution
structure of hair-cell tip links. Proc. Natl. Acad. Sci. USA. 97:13336–
13341.
3. Benser, M. E., R. E. Marquis, and A. J. Hudspeth. 1996. Rapid, active
hair bundle movements in hair cells from the bullfrog’s sacculus.
J. Neurosci. 16:5629–5643.
4. Crawford, A. C., and R. Fettiplace. 1985. The mechanical properties of
ciliary bundles of turtle cochlear hair cells. J. Physiol. 364:359–379.
5. Martin, P., and A. J. Hudspeth. 1999. Active hair-bundle movements
can amplify a hair cell’s response to oscillatory mechanical stimuli.
Proc. Natl. Acad. Sci. USA. 96:14306–14311.
6. Martin, P., A. J. Hudspeth, and F. Ju¨licher. 2001. Comparison of a hair
bundle’s spontaneous oscillations with its response to mechanical
stimulation reveals the underlying active process. Proc. Natl. Acad.
Sci. USA. 98:14380–14385.
7. Martin, P., and A. J. Hudspeth. 2001. Compressive nonlinearity in the
hair bundle’s active response to mechanical stimulation. Proc. Natl.
Acad. Sci. USA. 98:14386–14391.
8. Manley, G. A., and C. Ko¨ppl. 1998. Phylogenetic development of the
cochlea and its innervation. Curr. Opin. Neurobiol. 8:468–474.
9. OMaoileidigh, D., E. M. Nicola, and A. J. Hudspeth. 2012. The diverse
effects of mechanical loading on active hair bundles. Proc. Natl. Acad.
Sci. USA. 59:530–545.
Low Frequency Entrainment of Oscillatory Bursts in Hair Cells 166910. Nadrowski, B., P. Martin, and F. Ju¨licher. 2004. Active hair-bundle
motility harnesses noise to operate near an optimum of mechanosensi-
tivity. Proc. Natl. Acad. Sci. USA. 101:12195–12200.
11. Han, L. J., and A. B. Neiman. 2010. Spontaneous oscillations, signal
amplification, and synchronization in a model of active hair bundle
mechanics. Phys. Rev. E Stat. Nonlin. Soft Matter Phys. 81:041913.
12. Camalet, S., T. Duke,., J. Prost. 2000. Auditory sensitivity provided
by self-tuned critical oscillations of hair cells. Proc. Natl. Acad. Sci.
USA. 97:3183–3188.
13. Choe, Y., M. O. Magnasco, and A. J. Hudspeth. 1998. A model for
amplification of hair-bundle motion by cyclical binding of Ca2þ to
mechanoelectrical-transduction channels. Proc. Natl. Acad. Sci. USA.
95:15321–15326.
14. Eguı´luz, V. M., M. Ospeck,., M. O. Magnasco. 2000. Essential non-
linearities in hearing. Phys. Rev. Lett. 84:5232–5235.
15. Vilfan, A., and T. Duke. 2003. Two adaptation processes in auditory
hair cells together can provide an active amplifier. Biophys. J.
85:191–203.
16. Roongthumskul, Y., L. Fredrickson-Hemsing, ., D. Bozovic. 2011.
Multiple-timescale dynamics underlying spontaneous oscillations of
saccular hair bundles. Biophys. J. 101:603–610.
17. Fredrickson-Hemsing, L., S. Ji, ., D. Bozovic. 2012. Mode-locking
dynamics of hair cells of the inner ear. Phys. Rev. E Stat. Nonlin.
Soft Matter Phys. 86:021915.
18. Kozlov, A. S., T. Risler, and A. J. Hudspeth. 2007. Coherent motion
of stereocilia assures the concerted gating of hair-cell transduction
channels. Nat. Neurosci. 10:87–92.
19. Strogatz, S. H. 1994. Nonlinear Dynamics and Chaos. Westview Press,
Cambridge, MA.20. Martin, P., D. Bozovic,., A. J. Hudspeth. 2003. Spontaneous oscilla-
tion by hair bundles of the bullfrog’s sacculus. J. Neurosci. 23:4533–
4548.
21. Hudspeth, A. J. 2008. Making an effort to listen: mechanical amplifica-
tion in the ear. Neuron. 59:530–545.
22. Martin, P., A. D. Mehta, and A. J. Hudspeth. 2000. Negative hair-
bundle stiffness betrays a mechanism for mechanical amplification
by the hair cell. Proc. Natl. Acad. Sci. USA. 97:12026–12031.
23. Rowland, D., Y. Roongthumskul,., D. Bozovic. 2011. Magnetic actu-
ation of hair cells. Appl. Phys. Lett. 99:193701–1937013.
24. Bahar, S., A. Neiman, ., F. Moss. 2002. Phase synchronization and
stochastic resonance effects in the crayfish caudal photoreceptor.
Phys. Rev. E Stat. Nonlin. Soft Matter Phys. 65:050901.
25. LeMasurier, M., and P. G. Gillespie. 2005. Hair-cell mechanotransduc-
tion and cochlear amplification. Neuron. 48:403–415.
26. Sandri, M. 1996. Numerical calculation of Lyapunov exponents.
Mathematica J. 6:78–84.
27. Ramunno-Johnson, D., C. E. Strimbu,., D. Bozovic. 2009. Distribu-
tion of frequencies of spontaneous oscillations in hair cells of the
bullfrog sacculus. Biophys. J. 96:1159–1168.
28. Kao, A., S. W. F. Meenderink, and D. Bozovic. 2012. Mechanical
overstimulation of hair bundles: suppression and recovery of active
motility. PLoS ONE. 8:e58143.
29. Strimbu, C. E., L. Fredrickson-Hemsing, and D. Bozovic. 2012.
Coupling and elastic loading affect the active response by the inner
ear hair cell bundles. PLoS ONE. 7:e33862.Biophysical Journal 104(8) 1661–1669
